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We discuss novel features of twisted-light absorption both by hydrogen-like atoms and by micro-particles.
First, we extend the treatment of atomic photoexcitation by twisted photons to include atomic recoil, derive
generalized quantum selection rules and consider phenomena of forbidden atomic transitions. Second, using
the same electromagnetic potential for the twisted light beams, we analyze the radiation pressure from these
beams on micro-sized particles, and verify that while the Poynting vector can in some circumstances point
back toward the source, a complete analysis nonetheless gives a repulsive radiation pressure.
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1. Introduction
In 1992 Allen and collaborators [1] pointed out that
Laguerre-Gaussian laser modes may carry large projec-
tions of angular momentum on the direction of beam
propagation. It became a very active field of stud-
ies, with many applications of optical vortices in opti-
cal tweezers, encoding of information, and microscopy.
Dedicated recent reviews can be found in Ref. [2, 3]. A
term“twisted photon” is used to describe such beams at
a quantum level [4]. Optical vortices were successfully
demonstrated in a broad range of photon energies, from
radio-waves [5] to X-rays [6]. It was also suggested to
use Compton backscattering [7, 8] to obtain high-energy
photons that may be relevant for nuclear and particle
physics research.
To analyze the unique properties of the twisted pho-
tons, we considered their absorption by an atom. This
problem was previously addressed by several authors [9–
12]. Most of the above papers considered an atom placed
in the center of an optical vortex. Atomic ionization in
a more general case was addressed in Ref. [13].
In our recent paper on photoexcitation of atoms [14]
we made a (well-justified) approximation that neglected
atomic recoil at the cost of apparent non-conservation
of total angular momentum. Here we derive quantum
selection rules that describe atomic transitions caused by
twisted photons, with effects of atomic recoil included.
In addition, this paper focuses on two novel phenom-
ena that twisted photons can produce. In both cases
we look at the low end of the angular momentum pro-
jected along the propagation direction mγ possibilities,
namely mγ = 0 and mγ = −Λ, where Λ = ±1 is the
usual plane wave helicity of the photon. These possibil-
ities cannot occur for single plane wave photons and are
in the twisted photon realm. Herein after we refer to mγ
as an “total helicity.”
Other recent publications considered forces on an
atom due to a plane wave light pulse [15] and discussed
the issue of azimuthal linear momentum of an optical
vortex [16].
Atomic transitions induced by mγ = 0 photons can
produce final states with quantum numbers forbidden
to plane wave photon transitions. For example, one
can photoexcite ground state hydrogen by electric dipole
transitions into P -state orbitals with magnetic quantum
number mf equal zero (using the incoming wavefront’s
propagation direction as the quantization axis). Plane
wave photons produce mf = Λ = ±1. As a practical
matter, there are factors associated with the way the
twisted photon is composed that can suppress the rate,
even though the electric dipole transition itself is leading
order. However, depending on circumstances, the rate
could be large enough to be observable. Details, along
with background material on twisted photons and the
discussion of atomic recoil effects, are given in Sec. 2.
An examination of the Poynting vector for twisted
photons shows regions, notably along the beam axis,
where the component along the beam direction is di-
rected back to the source. In Sec. 3, we consider in
detail the radiation pressure on small particles that ab-
sorb such twisted photons, and discuss whether it leads
to tractor effects.
Some concluding remarks are offered in Sec. 4.
2. Atomic excitation by twisted photons
2.A. Atomic states
To establish notation, let the electron coordinate be ~r1
and the proton or nucleus coordinate be ~r2. The relative
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2and center of mass (CM) coordinates are
~r = ~r1 − ~r2 ,
~R =
1
M
(m1~r1 +m2~r2) , (1)
for M = m1 +m2 = me +mp. Likewise,
~r1 = ~R+
m2
M
~r ,
~r2 = ~R− m1
M
~r . (2)
Nonrelativistically, since the atomic binding potential
depends only on ~r, the wave function for the atomic state
naturally separates into a product
Ψ(~r, ~R) = ψ(~r)Ψ(~R) . (3)
2.B. Twisted photon expansion
To define the twisted photons, we follow [7, 8], whose
states may be viewed as extensions of the nondiffractive
Bessel modes described in [17, 18]; see also [12]. More
detail is given in [14]; we give a short and hopefully
sufficient summary here.
A twisted photon state moving in the z-direction,
with total helicity mγ and with symmetry axis passing
through the origin, can be given as a superposition of
plane waves and in Hilbert space can be written as,
|κmγkzΛ〉 =
√
κ
2pi
∫
dφk
2pi
(−i)mγeimγφk |~k,Λ〉 . (4)
The component states on the right are plane wave states,
all with the same longitudinal momentum kz, the same
transverse momentum magnitude κ = |~k⊥|, and same
plane wave helicity Λ (in the directions ~k). Angle φk
is the azimuthal angle of vector ~k, and with the phas-
ing shown, mγ is the total angular momentum in the z
direction, with the possibility that mγ  1. We also
define a pitch angle θk = arctan(κ/kz), and ω = |~k|.
The electromagnetic potential of the twisted photon
in coordinate space, at the location of the electron is
AµκmγkzΛ(t, ~r1) =
√
κ
2pi
e−iωt
×
∫
dφk
2pi
(−i)mγeimγφk εµ~k,Λe
i~k·~r1 . (5)
The polarization vectors are [7, 8, 14]
εµ~kΛ
=e−iΛφkcos2
θk
2
ηµΛ + e
iΛφksin2
θk
2
ηµ−Λ +
Λ√
2
sin θkη
µ
0
(6)
with 4-dimensional unit vectors,
ηµ±1 =
1√
2
(0,∓1,−i, 0) , ηµ0 = (0, 0, 0, 1) . (7)
It will be useful to expand the potential using cylindri-
cal coordinates and the Jacobi-Anger formula, wherein
ei
~k⊥·~r1⊥ = ei~k⊥·~R⊥ ei~k⊥·(mp/M)~r⊥
=
∞∑
n1,n2=−∞
in1+n2 ein1(φR−φk) ein2(φr−φk)
× Jn1(κR⊥)Jn2
(mp
M
κr⊥
)
, (8)
where R⊥ = |~R⊥|, r⊥ = |~r⊥|, the Jn are Bessel func-
tions, and the azimuthal angles φR and φr are indicated
in Fig. 1. After some manipulation, the photon potential
becomes
AµκmkzΛ(t, ~r1) =
√
κ
2pi
Λ
i
ei(kzz1−ωt)
×
∑
n1
ein1φR ei(mγ−n1)φrJn1(κR⊥)
×
{
cos2
θk
2
ηµΛ e
−iΛφr Jmγ−Λ−n1
(mp
M
κr⊥
)
+
i√
2
sin θk η
µ
0 Jmγ−n1
(mp
M
κr⊥
)
− sin2 θk
2
ηµ−Λ e
iΛφr Jmγ+Λ−n1
(mp
M
κr⊥
)}
. (9)
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Fig. 1. Relative position of the atomic electron and the pho-
ton axis, as projected onto the x-y plane, with the axis of
the twisted photon passing through the origin and with the
atomic center-of-mass (CM) also indicated. The proton is
located at coordinate −(me/M)~r relative to the CM.
2.C. Photoabsorption amplitude
We shall be interested in calculating the transition prob-
abilities between the ground state and excited states of
the hydrogen atom caused by photon absorption. The
interaction Hamiltonian will be [19],
H1 =
2∑
j=1
− ej
mj
~A · ~pj . (10)
3The matrix element for photoabsorbtion is
iM = 〈F, f |H1(t = 0)|I, i; γκmγkzΛ〉 =
∑
j
− ej
mj
×
∫
d3R d3r Ψ∗F (~R)ψ
∗
f (~r)
~A(0, ~rj)·~pjΨI(~R)ψi(~r). (11)
We have written the wave functions in factorized form,
where F and f refer to the final state CM and rela-
tive wave functions, with f later further specified by the
quantum numbers nf , lf and mf , and analogously I and
i refer to initial state CM and relative wave functions,
with i being short notation for ni, li and mi.
With two different momenta, proton and electron, and
with each momentum becoming a derivative that acts on
both CM and relative coordinates, one has four contri-
butions to the above amplitude. We will explicitly work
out the formulas for the electron case, which should be
by far the largest contributions, and consider the deriva-
tives on the CM and relative momenta serially. For the
electron momentum,
~p1 =
me
M
~P + ~p = −ime
M
~∇R − i~∇r (12)
Because of the electron mass is so small compared to the
total mass, the second term should be by far the larger,
and we consider it first.
Also, we will take the initial wave function of the
atomic electron to be in the ground state, ψi(~r) =
ψnilimi(~r)→ ψ100(~r) = R10(r)Y00(θr, φr).
2.D. Relative momentum contribution
For this subsection we keep just the electron’s −i~∇r con-
tribution, and using
−iηˆλ·~∇r R10(r)Y00 = −i
√
1
3
Y1λ(θr, 0)e
iλφrR′10(r) (13)
for λ = ±1, 0, we obtain after doing the dφr integration,
iMe,rel = − e1Λ
mea0
√
2piκ
3
GFI
×
{
cos2
θk
2
gfΛ +
i√
2
sin θk gf0 − sin2 θk
2
gf,−Λ
}
. (14)
Here,
GFI =
∫
d3R Ψ∗F (~R)ΨI(~R)
× ei(mγ−mf )φRJmγ−mf (κR⊥)eikzZ . (15)
Further, the relative coordinate integrals give the atomic
factors gfλ = gnf lfmfλ as in [14], up to some near unity
factors (mp/M),
gfλ = −a0
∫ ∞
0
r2dr Rnf lf (r)R
′
10(r)
∫ 1
−1
d(cos θr)
× Jmf−λ
(mp
M
κr⊥
)
Ylfmf (θr, 0)Y1λ(θr, 0)e
i(mp/M)kzz.
(16)
We consider two special cases for the CM wave func-
tion. If the CM wave function is well localized, we may
center it in the Z = 0 plane at a definite distance and
azimuth angle from the photon axis, and approximate
the unit normalized state by a function sharply peaked
around R = b, cos θR = 0, and φR = φb ± pi.
If in addition we neglect recoil and use the same wave
function for the final state, we obtain,
iMe,rel = − e1Λ
mea0
√
2piκ
3
ei(mγ−mf )φbJmf−mγ (κb)
×
{
cos2
θk
2
gnf lfmfΛ +
i√
2
sin θk gnf lfmf0
− sin2 θk
2
gnf lfmf ,−Λ
}
, (17)
in agreement with [14].
If the initial and final CM wave functions have definite
eigenvalues of the angular momentum operator LZ [12],
then we can consider transitions between CM states,
ΨI(~R) =
eimRφR√
2pi
YI(R, cos θR),
ΨF (~R) =
eim
′
RφR√
2pi
YF (R, cos θR). (18)
Substituting these wave functions into Eq. (15) gives,
iMe,rel = eΛ
mea0
√
2piκ
3
δm′R−mR,mγ−mf G˜FI
×
{
cos2
θk
2
gfΛ +
i√
2
sin θk gf0 − sin2 θk
2
gf,−Λ
}
,
(19)
with Kronecker deltas appearing after integration over
the azimuthal CM angle φR, and leaving the remaining
integrals in the form,
G˜FI =
∫ ∞
0
R2dR
∫ 1
−1
d(cos θR)
× Y∗F (R, cos θR)YI(R, cos θR)Jm′R−mR(κR⊥)eikzZ .
(20)
Even more particularly, if the Y wave functions are
well localized in radius and angle, G˜FI = Jmγ−mf (κb),
and the amplitude (19) has the same magnitude as (17).
Eq. (19) contains a δ-function showing conservation
of angular momentum along the z-direction. Whatever
part of the photon’s total helicity that does not go into
exciting the atomic wave function goes into making the
atom as a whole revolve about the photon’s symmetry
axis.
If the initial CM wave function is centered in the vicin-
ity of some definite azimuthal point, as in Fig. 1, then
the initial wave function could be expanded as a sum of
LZ eigenfunctions over a range of mR. We can work,
as we do here, with the individual terms in such a sum,
4noting that if the target atom is not revolving about the
origin, then the expectation value 〈mR〉 = 0. In general,
〈m′R〉 = 〈mR〉+mγ −mf . (21)
Ja´uregui has obtained similar results [12]. The meth-
ods used here lead to results that appear qualitatively
simpler and more compact, and without lingering sum-
mations in the final results, for the CM wave functions
displayed. No dipole approximation has been used, so
that excitation of highly excited atomic states can be
accurately calculated.
2.E. CM derivative contribution
Continuing to work out the case where the electron
absorbs the photon, we now consider the ~∇R term in
p1 = −i(me/M)~∇R − i~∇r. We have
iMe,R = ie1
M
∫
d3r Rnf lf (r)Ylfmf (θr, 0)e
−imfφr
×R10(r)Y00
∫
d3RΨ∗F (~R) ~A(0, ~r1)·~∇RΨI(~R) . (22)
We again expand the CM wave functions as, for the
initial state, ΨI(~R) = e
imRφRYI(R⊥, Z), and let
ηˆλ·~∇RΨI(~R) = ei(λ+mR)φR ∂RλYI(R⊥, Z) , (23)
where
∂RλYi =
{
1√
2
(
−Λ ∂∂R⊥ + mRR⊥
)
YI , λ = Λ = ±1 ,
∂
∂ZYI , λ = 0 .
(24)
After performing the dφR and dφr integrals, one obtains
iMe,R = 2pieΛ
Ma0
√
κ
2
δm′R−mR,mγ−mf gfi
×
{
cos2
θk
2
GFI,Λ +
i√
2
sin θkGFI,0 − sin2 θk
2
GFI,−Λ
}
.
(25)
This time,
gfi =
∫ ∞
0
r2dr Rnf lf (r)R10(r)
∫ 1
−1
d(cos θr)
× Jmf
(mp
M
κr⊥
)
Ylfmf (θr, 0)e
i(mp/M)kzz , (26)
and
GFI,λ = −a0
∫ ∞
0
R⊥dR⊥
∫ ∞
−∞
dZ
× Y∗F (R⊥, Z) Jm′R−mR−λ(κR⊥) eikzZ ∂RλYI(R⊥, Z) .
(27)
In general, unless the CM state is extremely localized,
so that the derivatives of the YI are large, the contribu-
tions coming from the derivative acting on the CM co-
ordinate, Me,R, are small compared to the term where
the derivative acts on the relative coordinate Me,rel.
The cases where the proton absorbs the photon can
be similarly written down, and will be numerically small
because of the mass factors.
All the photoproduction amplitudes display a δ-
function that explicitly shows conservation of angular
momentum projection along the z-direction. This as-
sures us that the initial total helicity either goes into
excitation of the atomic state, or into revolution of the
entire atom about the origin defined by the twisted pho-
ton’s symmetry axis, or into the sum of the two. The
relative amount of angular momentum passed to the CM
motion of the whole atom compared to the angular mo-
mentum projection of the excited electronic state de-
pends on the impact parameter b, for cases where the
CM wave function is sharply peaked about R⊥ = b in
Eq (27) or R = b and cos θR ≈ 0 in Eq. (20).
2.F. 1S → 2P atomic photoexcitation
For ordinary plane wave photons with helicity Λ, a pho-
toexcited 2P state necessarily has mf = Λ, if we start
from the ground state. For a twisted photon initial state,
other final quantum numbers (QN) are possible. In par-
ticular, for a twisted photon with mγ = 0, the zero an-
gular momentum projection final state may be produced
with sufficient amplitude to be observable.
We will take the approximation that amplitudeMe,rel
is most of the amplitude and use the notationM(mγ)nf lfmf
to keep track of the transitions from and to different QN
states. We calculate amplitudes from Eq. (17) or from
the localized version of the definite LZ states mentioned
after Eq. (20).
We take Λ = 1 for definiteness. For mγ = 0, exam-
ining Eq. (17), we can produce only the mf = 0 final
state if the target atom is on the photon axis, and pro-
gressively produce more of the mf = 1 final state when
the target atom is off the axis. The largest of the atomic
factors for the mf = 0 is the one labeled g2100, and simi-
larly for mf = 1 the largest atomic factor is g2111. In the
dipole approximation, k  a0, these are the same, either
by the Wigner-Eckart theorem or by direct examination,
g21λλ =
1
2pi
∫ ∞
0
r2dr R21(r)R10(r) =
1
pi
(
2
3
)7/2
. (28)
Hence the main difference between the peak values of the
amplitudes for mf = 0 and mf = 1 final states produced
from the special mγ = 0 twisted photon comes because
the pitch angle θk factors are different in the different
terms of the overall amplitude, Eq. (17).
Fig. 2 plots the absolute values of the amplitudes for
the 1S → 2P transitions for mγ = 0 and the different
mf as a function of the transverse distance of the target
from the photon axis (measured in photon wavelengths),
for a pitch angle θk = 0.2 radians.
For comparison, the corresponding plot is shown in
FIg. 3 for the mγ = 1 twisted photon, which has es-
sentially the same peak amplitudes as the plane wave
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Fig. 2. 1S → 2P photexcitation amplitudes for mγ = 0
twisted photons, with pitch angle θk = 0.2 radians.
case. The magnitudes are not significantly larger than
the peaks in the mγ = 0 case.
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Fig. 3. 1S → 2P photexcitation amplitudes for mγ = 1
twisted photons, with pitch angle θk = 0.2 radians.
3. Forces Induced by Twisted Photons
There has been recent discussion regarding tractor
beams, meaning propagating beams which attract par-
ticles in their path. In is known, experimentally as well
as theoretically, that one can attract small particles us-
ing gradient forces [20–23]. This is done using interfer-
ing beams to produce a varying electric field magnitude
along the beam axis, and then to move the equilibrium
points of the resulting force by changing the relative
phase of the beams.
Contention has surrounded the possibility of non-
gradient tractor beams. It has been suggested that there
could exist propagating field configurations which would
pull small particles all the way back to the source, with
no field gradient along the beam axis and without time-
dependent manipulation of the emitted beams [24–30].
We shall consider how this discussion relates to the
Bessel twisted photons we have discussed here. The
Bessel beam Poynting vector, ~S = ~E × ~B, in compo-
nents is
Sρ = 0 ,
Sφ =
κω2
4pi
sin θk Jmγ (κρ)
×
(
cos2
θk
2
Jmγ−Λ(κρ) + sin
2 θk
2
Jmγ+Λ(κρ)
)
,
Sz =
κω2
4pi
(
cos4
θk
2
J2mγ−Λ(κρ)− sin4
θk
2
J2mγ+Λ(κρ)
)
,
(29)
using the normalization of Ref. [7, 8]. The Poynting
vector for these states is naturally time independent.
Note the presence of a transverse component above, as
well as the presence of a longitudinal component [31] in
the electric field and in the potential, Eq. (9).
There are regions where the Poynting vector points
back towards the source. For example, consider the
Poynting vector on-axis for mγ = −Λ. In simple cases,
the radiation pressure is given by the Poynting vector,
but this is not true in general. Here follows a brief dis-
cussion, followed in turn by consideration of the forces
on small particles by a Bessel beam.
Electromagnetic forces are given most directly by the
Lorentz force law, and for small, neutral, polarizable
particles this may be expressed as
~F = (~p · ~∇) ~E + ~˙p× ~B , (30)
where ~p is the electric dipole moment of the particle.
“Small” means size scales small compared to the wave-
length of the electromagnetic radiation. If all time
dependences are monochromatic, ~p = Re (~p0 e
−iωt),
~E = Re ( ~E0 e
−iωt), etc., and if there is a linear relation
~p0 = α~E0, then the time averaged force 〈~F 〉 is given
by [32, 33]
〈~F 〉 = 1
2
Re
(
α~E0 · (~∇) ~E∗0
)
. (31)
Here, [ ~E0 · (~∇) ~E∗0 ]i =
∑3
j=1E0j∇iE∗0j . The polaraz-
ability may be complex, reflecting a phase difference be-
tween ~P and ~E, so that
〈~F 〉 = 1
4
(Reα) ~∇|E0|2 − 1
2
(Imα) Im
(
~E0 · (~∇)E∗0
)
;
(32)
the first term is the gradient force. The second term,
when ~∇ · ~E = 0 is allowed, can be further manipulated
to give [34, 35]
〈~F 〉 = 1
4
(Reα) ~∇| ~E0|2 + σ〈~S〉+ σ
4iω
~∇×
(
~E0 × ~E∗0
)
,
(33)
6where σ = ω(Imα), and ~E0 × ~E∗0 is related to the spin
angular momentum of the electromagnetic wave (see, for
example, Eq. (14.22) of [36]). The last term is the spin-
curl term, and is zero for simple plane wave states.
The forms Eq. (31) and Eq. (33) are generally equiv-
alent. One has the virtue of showing how the radiation
pressure comes directly from the Poynting vector in some
cases. The other is simpler to write down, and for the
Bessel beams gives the result for the force more directly.
Regarding the force on a small particle for which we
have monochromaticity and p0 = αE0, specifically for
the case where the particle is on the axis of a mγ = −Λ
Bessel beam, the Poynting vector points opposite to the
propagation direction. This would give a tractor beam
if the sometimes accepted direct connection between the
Poynting vector and the radiation force were correct.
However, using Eq. (31), one sees the longitudinal force
involves directly the derivative ∇z. In the Bessel beams,
the only z-dependence is in the exponential exp ikzz, and
〈Fz〉 = σ| ~E0|2 cos θk , (34)
which is always positive for a forward propagating Bessel
beam if (Imα) is positive, which it is whether it comes
from radiation reaction forces or from drag forces within
the target particle.
Using Eq. (33) leads to the same result. The Poynting
term is just
〈Fz〉Poynting = −σ| ~E0|2 , (35)
using the information that the Poynting vector for the
mγ = −Λ beam on axis has the same magnitude as | ~E0|2
but a negative sign. However, the spin-curl force is not
zero, and gives
〈Fz〉sc = 2σ| ~E0|2 cos2 θk
2
. (36)
The sum of the spin-curl force and the Poynting term
gives the same result as found farther above.
We will also make some remarks regarding forces on
totally absorptive particles. Monochromaticity does not
apply. At equilibrium, totally absorptive bodies will bal-
ance absorbed energy with (non-monochromatic) black
body radiation. However, one can proceed by writing
the Lorentz force law in terms of the stress tensor. If
the Poynting vector is bounded, the time average force
is given by a areal integral over a closed surface sur-
rounding the particle in question,
〈~F 〉 =
∮
da nˆ · 〈T↔〉 , (37)
where nˆ is the outward normal. The stress tensor is
Tij = EiEj − 1
2
δij ~E
2 +BiBj − 1
2
δij ~B
2 . (38)
For a simple example, consider a small flat thin object,
on-axis, facing the beam. Integrate over a thin surface
barely outside the object. If the object is totally ab-
sorptive, the fields just before the object will be those of
the unpolarized Bessel wave, and they will be zero just
behind the object. The only relevant normal is −zˆ on
the front surface, and
〈Fz〉 = −
∫
front surface
da 〈Tzz〉 . (39)
If the object is small and of cross section area σ, this
gives
〈Fz〉 = σ| ~E0|2 , (40)
for the mγ = −Λ example.
4. Summary and Discussion
We have discussed twisted photons, or photons whose
total angular momentum projected along the direction
of wavefront propagation can be very large. These pho-
tons, unlike plane wave photons, have with a Poynting
vector that is not zero in the transverse plane and swirls
about a symmetry axis. We have, in particular, focused
on two applications, photoexcitation of hydrogen-like
atomic states and situations where the Poynting vector
along the propagation direction is reversed.
Regarding atomic photoexcitation, twisted photons
offers unique opportunities to produce final states with
arbitrary angular momentum projections, using the di-
rection of motion of the incoming wavefront as a quan-
tization axis. We have extended our previous photoex-
citation analysis [14] to show how in our formalism pho-
ton angular momentum divides conservatively between
rotating the CM state and angular momentum of the ex-
cited state (see also [12]). For a specific example, instead
of a very large orbital angular momentum, we considered
projected angular momentum mγ = 0, a value also not
possible with plane wave photons. This allows leading
order, in the atomic matrix elements, 1S → 2P tran-
sitions with final magnetic quantum number mf = 0.
The rates are suppressed by factors dependent upon the
pitch angle (the angle from the twisted photon propaga-
tion direction to its component plane wave states), but
could be large enough to notice if the pitch angle is not
small.
We observe that there are regions where the Poynting
vector points back toward the light source. Any region
where the first Bessel function in the equation for Sz
(Eq. (29)) is zero or near zero will serve as an example.
The negative sign term is suppressed by several powers
of the pitch angle, so will not be found with a parax-
ial approximation, nor will it be found if polarization
is neglected. A particular example is the near-axis case
with mγ = 1 and component plane wave photon helicity
Λ = −1 for which the negative sign Poynting component
is maximized.
However, in a complete analysis, as presented here, the
total radiation pressure remains positive. This has been
noted previously in the literature [33, 34], but not veri-
fied explicitly for the circularly polarized Bessel beams
7with orbital angular momentum considered in this pa-
per.
Appendix A: Comparison of twisted photon expan-
sions
For a given {κ,mγ , kz}, we have a pair of indepen-
dent states with Λ = ±1. For the same {κ,mγ , kz},
Ja´uregui [12] also has a pair of states, labeled TE and
TM. The two pairs of states are equivalent, as we shall
show.
Using cylindrical coordinates ~r = (r⊥, φr, z) and
ψm = ψm(r⊥, φr, κ) = Jm(κr⊥)eimγφr , (A1)
the TE and TM modes from [12] are
~A
(TE)
κmγkz
(t, ~r) =
iE0
kz
√
2
ei(kzz−ωt)
(
ψmγ−1ηˆ− − ψmγ+1ηˆ+
)
,
~A
(TM)
κmγkz
(t, ~r) = − E0
ω
√
2
ei(kzz−ωt)
×
(
ψmγ−1ηˆ− + ψmγ+1ηˆ+ + i
√
2 tan θk ψmγ ηˆ0
)
.
(A2)
With Λ = ±1, the states we use are
~Aκmγkz1 =
1
i
√
κ
2pi
ei(kzz−ωt)
{
ψmγ−1 cos
2 θk
2
ηˆ+
− ψmγ+1 sin2
θk
2
ηˆ− +
i√
2
ψmγ ηˆ0
}
,
~Aκmγkz,−1 =
1
i
√
κ
2pi
ei(kzz−ωt)
{
ψmγ−1 sin
2 θk
2
ηˆ+
− ψmγ+1 cos2
θk
2
ηˆ− − i√
2
ψmγ ηˆ0
}
.
(A3)
Hence,
~A
(TE)
κmγkz
=
E0
kz
√
pi
κ
(
~Aκmγkz1 +
~Aκmγkz,−1
)
,
~A
(TM)
κmγkz
= − iE0
kz
√
pi
κ
(
~Aκmγkz1 − ~Aκmγkz,−1
)
. (A4)
The relations are clearly invertible, so the expansions
are equivalent.
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